89. LAGRANGIAN OF THE ELECTROMAGNETIC FIELD

In the previous section the Lagrangian and Hamiltonian of an
ensemble of point particles was developed. This approach is based on a
discrete set of coordinates g, (t). This discrete formulation can be extended

to a continuous formulation. Each point in a region of space — either finite
or infinite will be associated with a continuous variable,

f(x,t) 9.1)

The set of variables constitute a system with an infinite number of
degrees of freedom — a field. In this formulation, the Lagrangian of the
field variable is functional of the field. A functional is a mapping from a
space of functions, the Lagrangians, to a set of real numbers. This
mapping is given by,

L(t) = L& (xt),f(x ). 9.2)

The functional L(t), depends on the value of f and f at all points in
space at simultaneous time. Hamilton’s principal can now be applied to
this functional by defining a variation of the functional as,

drF [f]=F[f +df]- F[f],
dr [f] (9-3)
° Oy df (x)dx.

The term in Eq. (9.3) dF[f]/df (x) is called the functional derivative of

the functional F [f] with respect to the functional f at a spatial point x.

This derivative decribes how the functional is changing when the values of
the function f is varied at the point x.

The functional derivative is formally defines as,

F . () redlx y)ir F o (x)g
=1lim
dg(y) e®0 e

where d(x- y) is the Dirac delta function. The derivative in Eq. (9.4)

9.4)

displays all the properties of a standard derivative. ™

11f Fand G are two functionals, than their product is a functional derivative defined
as, d[FG]/dg(x) = G(dF/dy (x))+ F(dG/d(x)), which is the Leibniz property. If F[g] is
a functional that is well behaved in the interval in the function space around g=0, than
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The functional derivative can now be applied to the Lagrangian in
Eqg. (9.3) to give,
o i~ B2dl d ., \0
dLg . f §= cg——df (x) + ——df (x)=d°’x 9.5

The Lagrangian can now be integrated to produce the action function,
usually denoted by ngH which is a functional of f and f. By

integrating over the time interval t, =-¥ to t, = +¥ to give,

b
dw =dQLgf , f ft,
t

“&e dL L 0
=0 df (x,t) +———df (x,t)=dt,dx?, 9.6
Gt () " ) o gy @ (00 S (09)

2 dL ¢ dL ©
= A R — =df (x,t)dtdx®.
t%df(x,t) T df (x.0) 5 (x9

Since Hamilton’s stationary function is,

t

dwg,fH:d(‘j_(f,f)dt:O, 9.7)
4
the Euler—Lagrangian can be generalized to Classical Field theory as,
b yd_y, 9.8)
MM  qtof

Applying the principals developed in §8 to Maxwell’s equations began
as early as the 1870’s. Maxwell made use of Hamilton’s principal in his
Treatise [Buch85]. By formulating the electromagnetic field as a
continuous dynamic medium, Maxwell built on the ideas put forth by
William Thomson and Peter Tait in [Thom62]. Thomson and Tait
considered Hamilton’s principal as a fundamental formulation of physics...

the functional F can be expanded in a Taylor series

:O.
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...(the) principal of Least Action is a useful guide to kinetic
investigations. We are strongly impressed with the conviction
that a much more profound importance will be attached to it ...
in the theory of several branches of physical science now
beginning to receive dynamical explanation ... his method of
Varying Action which undoubtedly become a most valuable
aid in the further generalization [Thom62] Vol2. §326.
Restating Hamilton’s principal — requires that the path taken by a
physical system between two states at specified times and with fixed values
of the variables at these times such that the value of the function

(4T -V )dt, where T is the kinetic energy V is the potential energy, must

be an extermimum such that,

L]
dT-V)dt=0.
to
In this form Hamilton’s principal is capable of generating both the
equations of motion of the electrodynamic system and the boundary
conditions for any continuous field with localized forms of energy. By
adopting Hamilton’s principal as the fundamental formulation of
electromagnetics, then every problem in field theory reduces to finding an
appropriate expression for the field's potential and kinetic energies. & The
essence of the Lagrangian or Hamiltonian approach consists of two parts:
(1) the specification of the generalized coordinates which fix the state of the
field and (ii) a choice of expressions, in terms of these coordinates and their
spatial and temporal derivatives.
To make use of the results developed in 88, the Lagrangian, L, for the
electromagnetic field in vacuum will be constructed. The f,'s are given by

the vector and scalar potentials and the field equations take the form,

2 e
NZA - A :O:l:J
qaw i

b }_’/.(9.9)
sz - —2:0.|.
it b

The potentials have to be subjected to the further constraint of the
Lorentz condition,

2 As is always the case this simplification of the situation is not universally true.
Independent conditions on the boundary values or generalized coordinates must be imposed
where the fields energies are functions.
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N ><A+1|TT—];—0 (9.10)

The Lagrangian which provides the equations in Eq. (8.X) is given by,

1
L:%(E%BZ) B (9.11)

The B and E fields can now be expressed in terms of the potentials, A and
f as,

Liaeg 11Ao2 N |
8_8 - (N A)%. (9.12)

Expanding Eq. (9.11) in Cartesian coordinates,

1Tae'|1f 'ﬂAlo L& 1 'ﬂAZo & 'nAso

“TEpiE T Mty ST, Mg S g, Mt
e 1 g é T, g & T, o
(9.13)
aaTAa ﬂA30 aaTAl ﬂAO E*E!TAZ ﬂAOP
&9, 19,5 &M, 9.5 &%, Yo, rap
Using the Lagrange relationship,
e 6 1 = o
16 L Tt TC ML T oML
~+ai V- , 9.14
Tt eqaAoe & |10, qaAod 1A, o1
STew o é%ﬂtzq'g

gives for the A, component of the vector potential,

% The factor 1/8p is completely arbitrary and is used so in the integration of the
electromagnetic field for charged bodies. There are other changes in the notation used in
this section, including the absence of the absolute value signs around the E and B field
variables — it will be assumed that the real nature of these variables is understood by the
reader. In all instances the field variables are assumed to be functions of time and space —
although no explicit parameters are shown in the equations.

Where there is a explicit dependence on a position variable a subscript will be used to
indicate the dependent variable. In general the variable q, will be used for a generalized

coordinate value in place of r or x.
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_Liver A8, 1 A, TAS T HA, 1A

=—: 0 _+_

4p’|‘ fit eﬂql fit !ZI ﬂqz e ﬂch ﬂqz %) ﬂqs e'ﬂ% ﬂql Q

il rea s TAL T Ray ﬂ% (9.15)

4pi W g, & it
L &Rep A6

4p & 1t

with similar equations for A, and A, components.

A similar expansion can be developed for the scalar potential, such
that,

L, T10
=- — f- - 9.16
pg T (.40)

A Lagrangian which includes the Lorentz condition and represents
the electromagnetic field independent of any constraints is given by,

L—i}?Nf-Mo (N A)?- ENXAJ’EOU (9.17)

8p1 it o to

Considering the Lagrangian for a electromagnetic field, with charge
sources, is the next step in the development of the complete Hamiltonian.
The potential equations as originally developed in Eq. (4.11) are,

2 .
. (9.18)
sz - W:' r;;.)

The Lagrangian that will result in these equations is Eq. (9.17) plus
an additional term r (A= - f), where r is the charge density and v is the

velocity of the charge, so that the radiation and interaction Lagrangian is
given by,

N .2
L=2le@re JA0 (g a)- Rixpe MO, r(Aw-f).  (9.19)
&
T to

Eqg. (9.19) now defines the Lagrangian for a charged particle moving in
a electromagnetic field produced by the charge r and current j. The

Lagrangian for the entire field, including the particles themselves, is
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given by integrating each individual charge with the volume using
L = 3-dV togive the field Lagrangian as,

Eliee, TAG v Ay T ou u
L=T+p— ENf- 20 (R AP-FRixa+ L2041 (Axv- f)g, (9.20
Osp1& Mo (N7 A) - g gy )E 820

which results in a description of both the equations of motion for charged
particles embedded in the field and the equations for the electromagnetic
field itself.

Eq. (9.20) represents the total Lagrangian of a set of particles
interacting with the electromagnetic field. The dynamical variables of the
particles form a discrete set involving the components of the position r and
the velocity d’r?/dt? . For the electromagnetic field, it is the field potentials
and the fields which represent the generalized coordinates of the
Lagrangian.

The total Lagrangian has three terms, the Lagrangian for the
particles, L the Lagrangian for the radiated field, L _, and the
Lagrangian for the interaction between the electromagnetic field and the
particles, L,,.

The total Lagrangian is then given by,

obj ? rad

L = I—obj +Lrad +Lint (921)
where,

Ly =8 5ma 9.22)

and

l \— 2 2

L,.q :EdE +B-dv, (9.23)

and
Lo =ali A, - r.f.]. (9.24)

Regrouping the radiation and interaction Lagrangian terms allows
the re—introduction of the Lagrangian Density.

:%QE2+BZE|+[j>A-rf], (9.25)

and the following form for the Standard Lagrangian,
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L=8 ma’+ dv. (9.26)

It should be noted that the interaction term is local with the current
density at the point multiplied by the vector potential. In the radiated field
Lagrangian the spatial derivatives of the potentials come about from E
and B, which describes the coupling between the fields at each point. This
coupling is the origin of the propagation of the free field.

89.1. FIELD ENERGY DENSITY

Using the Hamiltonian expressions given in 88, Eq. (9.26) serves as
the starting point for computing the Hamiltonian of the electromagnetic
field in the absence of charged particles and field sources, that is the
Hamiltonian of a freely propagating electromagnetic wave. The
contribution of the first and last terms in EqQ.(9.26) is determined by
Eq. (8.44).

The remaining contribution will be from the terms in the field
guantities alone,

H =gHdv, (9.27)
where,
H= 1I 2 - 2R+ M gy R IO
sp1 & ftalt & ftop

8pi Tt o

= Ll B oE S +a?N><A Al (9.28)
BT H 3

= L 1or2 4 oE s +§?§|>A+EZ§*\|>A fire. EZ+BZ\Z

8p1=
The total Hamiltonian given by Eq. (8.46) is now,

x® ‘ﬂvS

R

H =H,&,.cP - adv %+
e e s ﬂqr a0 (929)
. .
-+ oprf lTE2+BZ+2E>Nf+(N><A ey,
8 8pT t;z;f;

Where H, is the Hamiltonian function of the dynamical system.

When the field variables are taken as discrete, the ordinary Hamiltonian
canonical equations can be used for the dynamical as well as for the
electromagnetic variables. This first term of this Hamiltonian is the
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kinetic energy of the dynamically system. The sum of the last two terms
under the integral sign is zero, due the Lorentz condition.
The first and fourth terms under the integral sign cancel since,

cgrf+—E>Nf Oy = (‘gifoaiwa Odv,

= @{4—p N(f E)} dv, (9.30)
=0.

If the field potential vanish sufficiently rapidly at infinity what
remains is the radiation field energy density,

q%(EZ +B?)dv. (9.31)
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